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Abstract. A Green functionGn at peak-timetn decomposes into spherical waves. These
are strong in the source vicinity, where they accumulate into a reconstitutedGn that is either
relatively weak or comparably strong. Approximations are secured with relative error estimates
for dispersive and nondispersive continua. Applications are demonstrated in elasticity, plasma
physics, superfluid physics and micropolar elasticity.

1. Introduction

The time-harmonic three-dimensional (3D) Green function [1], which describes a medium’s
response to a pulsating point sourceδxe−iωt takes the waveformA|x|−1 exp[i(α|x|−ωt)] in
classical areas such as acoustics and electrodynamics. The amplitude factor|x|−1 indicates
an outward spherical attenuation starting from the point source; near this, the wave is
relatively strong. Sets of similar waveforms that exhibit the same attenuation factor|x|−1

are known to exist in multimode systems such as those found in elasticity [2], plasma physics
[3] and, more recently, in microstructured elasticity [4]. When those waves accumulate in
the source vicinity wherein they are relatively strong, is the net effect there comparably
strong like|x|−1 or, perhaps, even stronger? It will be shown within a somewhat general
context that,over a sequence of peak times, the net effect there cannot be strongerbut
behaves like|x|s with s ∈ {−1, 1, 3, 5, . . .}; i.e. it is either comparably strong or weaker in
relation to each individual wave. The reason for this will become apparent. The orders is
determined by neither continuum parameters nor the source frequencyω, but solely by two
Laplacian indices of the governing equation. Our analysis will also yield, for dispersive
or nondispersive continua, a complete near-source approximation of that net effect with a
bound for the relative error.For nondispersive continua, however, the approximated form
is ω-independent and holds not only for small|x| (and anyω) but also for small|ω| at
any off-sourcex; moreover, it rectifies another possible misconception conveyed by the
individual wave amplitudes (as these can approach infinity onceω→ 0) and, additionally,
offers inferences for radiation protection and static-state attainment. The objective, then, is
to establish those approximations and to understand how they physically emerge through
a reconstitution from waves of a decomposed Green function. This approach is significant
because the decomposed version, although correct, becomes deceptive and misleading under
the specified circumstances. Applications will be treated.

2. Green function

This investigation concerns a Green functionG(x, t) due to the pulsating point source
δ(x) cosωt(ω 6= 0) immersed inside an unbounded 3D continuum that responds in
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accordance with

L(∂2/∂t2,∇2)G =M(∂2/∂t2,∇2)δ(x) cosωt (1)

where

L(∂2/∂t2,∇2) =
∑̀
r=0

Lr(∂
2/∂t2)∇2r ` > 1, L` 6≡ 0, L0 6≡ 0 (2)

M(∂2/∂t2,∇2) =
m∑
r=0

Mr(∂
2/∂t2)∇2r m > 0,Mm 6≡ 0 (3)

Lr ,Mr being polynomials in∂2/∂t2 and possessing uniform coefficients;m = 0 corresponds
to a Laplacian-freeM = M0(6≡ 0). The situation presented arises, in the most classical
sense, in acoustics and electrodynamics withL = ∂2/∂t2 − c2∇2 (c = wave speed) and
M = 1 or ∂2/∂t2, depending on the response thatG represents. A radiation condition
[5–7] is invoked for a time-harmonic state by giving the source an artificial growth
eεt (ε > 0) which is communicated to the time-harmonic responseG, so that this becomes
Gε = 1

2[Gε
+(x)e

iωt + Gε
−(x)e

−iωt ]eεt . In terms of a Fourier integral [8, 9] involving even
functions

Mε
±(α) =M(−(ω ∓ iε)2,−α2) Lε±(α) = L(−(ω ∓ iε)2,−α2)

transformed from the operatorsM andL, the spatial factor [3, 5–7]

Gε
± = (2π)−3

∞∫ ∫ ∫
−∞

exp(iκ · x)M
ε
±(|κ|)
Lε±(|κ|)

d3κ.

To reduce this, we perform a positive rotational transformation onκ to getκX = α =
|α|(sin2 cos9, sin2 sin9, cos2)(0 6 2 6 π, 0 6 9 6 2π) whereX = (xT1 ,xT2 ,xT3 ),
a 3× 3 rotational matrix whose columns are transposes (signified byT -superscripts) of
a right-handed set of three mutually orthogonal unit vectorsx1,x2,x3 = x|x|−1. The
Jacobian∂α/∂κ = detX = 1; also,|α|2 = ααT = κXXTκT = |κ|2. Thus

Gε
± = (2π)−3

∫ ∞
0

d|α||α|2M
ε
±(|α|)
Lε±(|α|)

∫ π

0
d2 sin2 exp(i|α|x cos2)

∫ 2π

0
d9

= (4π2xi)−1
∫ ∞
−∞

α exp(iαx)
Mε
±(α)
Lε±(α)

dα (4)

with x = |x|. Suppose

L`(−ω2) 6= 0 L0(−ω2) 6= 0 Mm(−ω2) 6= 0

for our choice of source frequencyω. The dispersion function
◦
L(α) = L(−ω2,−α2) then

has` symmetric pairs of nonvanishing zeros at, say,α = αj (ω),−αj (ω) (j = 1, . . . , `),
which we assume are all real, distinct and nonstationary at the selected frequencyω. These
assumptions hold for the classical elasticity, plasma, superfluid and micropolar elasticity
applications which will be treated. Obviously, in eachj th pair, one zeroαj , say, satisfies
α′j (ω) > 0. It suffices thatε & 0. Then the integrand in (4), when extended into the complex
α-plane, is meromorphic with one set of simple poles atα ∼ αj (ω) ∓ iεα′j (ω) within the
half-space : Imα <

>
0 and another set of simple poles atα ∼ −αj (ω)± iεα′j (ω) within the

conjugate half-space: Imα >
<

0. During off-source observations,x > 0, corresponding to

which, a convergence condition of Jordan’s lemma is satisfied within Imα > 0 if

` > m+ 1
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which is, henceforth, assumed. Contour integration may then be applied to (4). A radiation
conditioned solution isG(x, t) = limε→0G

ε . In this paper we are particularly interested in
its value

Gn(x) = G(x, tn) at any instanttn = nπ |ω|−1 n = 1, 2, . . .

when the temporal source factor cosωt peaks. Thereupon, residue theory yields

Gn = (−1)n(2πx)−1
∑̀
j=1

αj cos(αjx)
◦
M(αj )/

◦
L′(αj ) (5)

where
◦
M(α) =M(−ω2,−α2). Gn is thus decomposed intòspherical cosine waves that

are attenuated likex−1. Conversely, they tend to become singularly strong asx approaches
the source. It will, however, transpire that this feature can be deceptive as it need not be
imparted toGn in the source vicinity. Thatα′j (ω) > 0 for each wave implies that its group
velocity (with which its sustaining energy propagates [5–7]) points radially outwards from
the source. Our wave spectrum is multimode if` > 2.

Our subsequent interpretation relies on a reconstituted version ofGn, to be derived from
(5). First, we apply Taylor’s theorem and incorporate (3) to get

Gn = (−1)n(2π)−1
m∑
r=0

(−1)rMr(−ω2)

[ N∑
s=0

(−1)sx2s−1/(2s)!
∑̀
j=1

α
2(r+s)+1
j /

◦
L′(αj )

+(−1)N+1x2N+1/(2N + 2)!
∑̀
j=1

α
2(r+N)+3
j (cosγj )/

◦
L′(αj )

]
with N = `− r − 1 (note that̀ − 1> N > `−m− 1> 0), 0< |γj | < |αj |x for eachαjx.
Now,∑̀
j=1

α
2(r+s)+1
j /

◦
L′(αj ) = 1

2

∑̀
j=1

α
2(r+s)+1
j /

◦
L′(αj )+ (−αj )2(r+s)+1/

◦
L′(−αj )

= 1

4π i

∮
0

α2(r+s)+1

◦
L(α)

dα =
{

0 06 s 6 N − 1(` > 2)

(−1)`(2L`(−ω2))−1 s = N(` > 1)

0 being any origin-centred, closed circular anticlockwise contour circumscribing all zeros

of
◦
L(α), i.e. all singularities of the meromorphic integrand involved;0 may therefore be

allowed to expand into the infinite domain. Consequently, the reconstituted Green function

Gn = φn + ξn : φn = A(n)x2(`−m)−3 (6)

A(n) = (−1)n+1Mm(−ω2)[4πL`(−ω2)(2(`−m− 1))!]−1 (7)

ξn = (−1)n(2π)−1
m∑
r=0

(Ar − Br)x2(`−r)−1 (8)

Ar = (−1)`Mr(−ω2)/(2(`− r))!
∑̀
j=1

α2`+1
j (cosγj )/

◦
L′(αj ) r = 0, . . . , m (9)

B0 = 0 Br = Mr−1(−ω2)[2L`(−ω2)(2(`− r))!]−1 r = 1, . . . , m(> 1). (10)

The reconstituted wavefield approximation

Gn ∼ φn (11)
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holds, subject to a relative errorξn/φn that can be rendered as small as is tolerable by
locating the observation pointx sufficiently close to the source, namely, given any positive
ν, however small, and any distancex̄,

∣∣∣∣ ξnφn
∣∣∣∣ < ν if 0 < x <


√
ν|A(n)|B−1 m = 0

min
(√
ν|A(n)|B−1, x̄

)
16 m 6 `− 1

(12)

B = (2π)−1C0(m = 0) (2π)−1
m∑
r=0

(|Br | + Cr)x̄2(m−r) (16 m 6 `− 1) (13)

Cr = |Mr(−ω2)|/(2(`− r))!
∑̀
j=1

|αj |2`+1/|
◦
L′(αj )|. (14)

For such a proximity,Gn = O(x2(`−m)−3) and, unlike its wave constituents in (5), is therefore
weak if ` > m+2 but, like those wave constituents, isstrong like x−1 if ` = m+1. (Note
that 2(`−m)− 3 ∈ {−1, 1, 3, 5, . . .} since` > m+ 1, so thatGn cannot be stronger than
O(x−1).) This phenomenon exhibited by the net wavefield depends solely on the Laplacian
index differential`−m between theL andM operators of the transmitting continuum. It
is independent of all material coefficients as well as the vibration frequencyω. However,
the approximated wavefield itself does, according to (6), (7) and (11), depend on those
material coefficients found in theMm, L` operators and, if these actually involve∂2/∂t2,
on ω as well. A necessary but insufficient criterion for the near-fieldGn = O(x2(`−m)−3)

to be weak is that̀ > 2, i.e. it should be multimode.The near-singularO(x−1) effects
of its ` wave constituents are mutually neutralized to some extent through an interaction
between theircos(αjx) sinusoidal factors near the source so as to soften the net near-field
when ` > m + 2. The associated small relative error is bounded in accordance with (12),
regardless of whetherφn is weak or strong near the source.

3. Nondispersive continuum

The approximation secured can also apply beyond the source neighbourhood. To illustrate
this, we focus on anondispersive continuum[5]. This is characterized byL andM operators
that are homogeneous in∂2/∂t2 and∇2:

L(∂2/∂t2,∇2) =
∑̀
r=0

L∗r∇2r (∂/∂t)2(`−r) L∗` 6= 0 L∗0 6= 0 (15)

M(∂2/∂t2,∇2) =
m∑
r=0

M∗r ∇2r (∂/∂t)2(m−r) M∗m 6= 0 (16)

L∗r , M
∗
r being uniform material coefficients. Classical elastic medium and Landau’s

superfluid, to which our results will be applied in due course, are nondispersive. Classical
acoustic and electromagnetic radiation propagate as single-mode wavefields through

nondispersive media. Now, the scaledω-free dispersion function
∗
L(λ) = L(−1,−λ2)

possesses̀ symmetric pairs of nonvanishingω-independent zeros at, say,λ = λj ,
−λj (j = 1, . . . , `), assumed to be all real and distinct with, say,λj > 0. The radiation
conditionedαj -wavenumbers, each complying withα′j (ω) > 0 and the assumptions made
on it, are thenαj = ωλj (j = 1, . . . , `). The group and phase velocities of each radiation
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conditioned wavefunction are then equal and directed radially outwards. From (5),

Gn = (−1)nω2(m−`+1)(2πx)−1
∑̀
j=1

λjcos(ωλjx)M(−1,−λ2
j )/

∗
L′(λj ) (17)

which, since` > m + 1, apparently suggests that, unless` = m + 1, |Gn| → ∞ as
ω → 0 which, in turn, implies that a stable static state cannot be attained atω = 0. Such
an impression, as we shall soon realize, is false. Thus, while (5) and (17) hold for all
x(6= 0) and allω(6= 0), their representations can be misleading for smallx and smallω. To
interpret correctly, we again employ (6)–(10) and note thatLr(−ω2) = (−1)`−rω2(`−r)L∗r ,
Mr(−ω2) = (−1)m−rω2(m−r)M∗r . So

A(n) = (−1)n+1M∗m[4πL∗`(2(`−m− 1))!]−1 (18)

which is nowω-independent; also, on introducing the parameters

B∗0 = 0 B∗r = |M∗r−1|[2|L∗` |(2(`− r))!]−1 r = 1, . . . , m (19)

C∗r = |M∗r |/(2(`− r))!
∑̀
j=1

λ2`+1
j /|

∗
L′(λj )| (20)

|ξn/φn| 6 (2π |A(n)|)−1
m∑
r=0

(B∗m−r + C∗m−r )(|ω|x)2(r+1) (21)

follows and governs the relative error incurred in theω-independent approximation

Gn ∼ φn = A(n)x2(`−m)−3 (22)

for a small |ω|x, e.g. for finite |ω| and smallx (so thatGn is weak or strong according
as ` > m + 2 or ` = m + 1 respectively) or for finitex and small|ω|; the same small
relative error controlled by (21) applies to both of these cases. We now infer that,within
a nondispersive continuum, (i) a Gn-recorder is almost completely protected from finite-
frequency radiation when located sufficiently near the source, (ii)asω → 0 (and, hence,
nπ = |ω|tn → 0), G → φ0 at every finitex(6= 0) and thusattains a static vibration-free
state. With reference to (i), at a highω-frequency, the source peaks rapidly between small
time intervals ofπ |ω|−1, and the relative error|ξn/φn| is negligible if 0< x � |ω|−1, in
which event,x receives rapid ‘flashes’ across an alternating sign sequence ofGn-terms that,
otherwise, does not vary withn, is virtually ω-free and virtually the same as the static state
G at zero frequency. We shall proceed to consider various applications.

4. Applications

4.1. Elasticity

The displacementu generated by a point-concentrated body forcef0δ(x) cosωt in
classical elastic material, characterized by its equivoluminal and dilatational wave speeds
a, c(> a

√
2), satisfies [2]

utt = f0δ(x) cosωt − a2∇ × (∇ × u)+ c2∇∇ · u.
Then

u = f0K1+ (c2− a2)∇∇ · f0K2 (23)

where

Ls(∂2/∂t2,∇2)Ks = δ(x) cosωt s = 1, 2
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an equation of the form (1) with

Ls(∂2/∂t2,∇2) =
{
∂2/∂t2− a2∇2 s = 1

(∂2/∂t2− a2∇2)(∂2/∂t2− c2∇2) s = 2

these being homogeneous operators of the type (15) with` = 1(s = 1), 2(s = 2). Classical

elastic material is clearly nondispersive.
∗
L∫ (λ) = Ls(−1,−λ2) has distinct symmetric pairs

of real zeros determined bya2λ2 = 1(s = 1), a2λ2 = 1= c2λ2(s = 2). It ensues from (6),
(18)–(22) that, at each peak instanttn = nπ |ω|−1,

Ks(x, tn) = φs,n + ξs,n
which, for small|ω|x, is almostω-independent, being approximately

φs,n =
{
(−1)n(4πa2x)−1 s = 1

(−1)n+1x(8πa2c2)−1 s = 2

subject to a small O((|ω|x)2) relative error:

∣∣∣∣ ξs,nφs,n

∣∣∣∣ 6


1

2
(|ω|x)2a−2 s = 1

1

12
(|ω|x)2(a4+ c4)(ac)−2(c2− a2)−1 s = 2.

K1(x, tn) is strong whileK2(x, tn) is weak nearx = 0; however, both are finite for finite
x but small|ω|. Their exact versions are, by (17),

K1(x, tn) = (−1)ncosXa
4πxa2

K2(x, tn) = (−1)n
cosXa − cosXc
4πxω2(c2− a2)

whereXa = ωxa−1, Xc = ωxc−1. These versions independently confirm thatK1(x, tn) =
O(x−1) while K2(x, tn) = O(x) near the spot where the body force is applied. Each
peak-time elastic displacement is then, from (23),

u(x, tn) = (−1)n

4πx

{
a−2x3× (f0× x3)cosXa + c−2x3(f0 · x3)cosXc

+3x3(f0 · x3)− f0

ω2x2
(XasinXa −XcsinXc + cosXa − cosXc)

}
(x3 = xx−1 being the unit radial vector); in fact, it exhibits that form to which the Stokes
elastic displacement [10, 11]

(4πx)−1

{
a−2x3× (f0× x3)T (t − xa−1)+ c−2x3(f0 · x3)T (t − xc−1)

+x−2[3x3(f0 · x3)− f0]
∫ x/a

x/c

τT (t − τ) dτ

}
(namely, one caused by an arbitrarily time-dependent concentrated body forcef0δ(x)T (t),)
specializes for a sinusoidal temporal factorT (t) = cosωt at each instant when this peaks.
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4.2. Plasma physics

An electron particleq = q0δ(x−xq) cosωt and a concentrated forcef = f0δ(x−xf ) cosωt
in a warm collisionless plasma with thermal speedc1, light speedc2(> c1), plasma frequency
ωp(6= 0), unit electronic mass and electronic charge−1 jointly induce a deviationd in the
electronic number density, an excited electron velocityv, excited electric and magnetic
fieldse, b that satisfy [3]

ω2
pe+ c2

1∇d + ω2
pvt = −f bt = −c2∇ × e

dt + ω2
p∇ · v = qt et = c2∇ × b+ ω2

pv.

Whereupon,

vt = ω−2
p [−f + c2

1ω
2q0∇K1(x− xq, t)− c2

1∇∇ · f0K1(x− xf , t)]
+f0K2(x− xf , t)+ (c2

1 − c2
2)∇∇ · f0K3(x− xf , t)

for which Ls(∂2/∂t2,∇2)Ks(x, t) = δ(x) cosωt(s = 1, 2, 3), another equation covered by
(1) with

Ls = ∂2/∂t2− c2
s∇2+ ω2

p s = 1, 2,L3 = L1L2.

Assuming |ω| > |ωp|, Ls(−ω2,−α2) releases distinct symmetric pairs of real zeros
determined byc2

s α
2 = ω2−ω2

p(s = 1, 2), c2
1α

2 = ω2−ω2
p = c2

2α
2(s = 3). Whereupon, (6),

(7) and (11)–(14) yieldKs(x, tn) = φs,n + ξs,n which, for smallx, can be approximated by

φs,n =
{
(−1)n(4πc2

s x)
−1 s = 1, 2

(−1)n+1x(8πc2
1c

2
2)
−1 s = 3

the relative error incurred being, for an arbitrarily small positiveν,

∣∣∣∣ ξs,nφs,n

∣∣∣∣ < ν if 0 < x <


√

2νc2
s /

√
ω2− ω2

p s = 1, 2

2c1c2

√
3ν(c2

2 − c2
1)/

√
(ω2− ω2

p)(c
4
1 + c4

2) s = 3.

4.3. Superfluid physics

Consider Landau’s superfluid with uniform equilibrium parameters of entropyS, temperature
θ , pressurep, superfluid, normal and total densitiesρ1, ρ2, ρ = ρ1 + ρ2. Suppose a
fluid sourceq = q0δ(x) cosωt creates perturbations, e.g.v,v in superfluid and normal
velocities. The governing equations [12] can be manipulated into the matrix form [13]

D(∂2/∂t2,∇2)

(
v
v

)
= A−1BC−1

(∇q
0

)
where

D(∂2/∂t2,∇2) = A∇2− I∂2/∂t2

I being the identity matrix whileA = A−1BC−1D; here,

A =
(
ρ1 ρ2

ρ 0

)
B =

(
1 0
1 −ρS

)
C =

(
(∂ρ/∂p)θ (∂ρ/∂θ)p

(∂(ρS)/∂p)θ (∂(ρS)/∂θ)p

)
D =

(
ρ1 ρ2

0 ρS

)
.
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A,B,D are nonsingular; so isC since the Jacobian∂(ρ, S)/∂(p, θ) = ρ−1 detC and is
implicitly nonvanishing in the mapping(ρ, S)⇒ (p, θ). Let

detD = L(∂2/∂t2,∇2) (adjD)A−1BC−1 = (Mrs)r,s=1,2.

Then

vr = q0∇Kr r = 1, 2

whereLKr =Mr1δ(x) cosωt , which also comes under (1) with̀= 2 since detA 6= 0,
while 0 6 m 6 1. As D is homogeneous in∂2/∂t2 and ∇2, so areL and every
Mrs . Landau’s superfluid is therefore nondispersive.A has two eigenvaluesc2

± : 2c2
± =

c2
1 + c2

2 ±
√
(c2

1 + c2
2)

2− 4γ−1c2
1c

2
2 > 0, whereγ = Cp/Cv(> 1) with specific heatsCp =

θ(∂S/∂θ)p, Cv = θ(∂S/∂θ)ρ , while c2
1 = ( ∂p∂ρ )S =

(∂S/∂θ)p
∂(ρ,S)/∂(p,θ)

, c2
2 = ρ1S

2θ

ρ2Cv
= ρ1S

2(∂ρ/∂p)θ
ρ2∂(ρ,S)/∂(p,θ)

;
c1 is the ordinary sound speed in a classical Euler fluid. The relevant dispersion function
∗
L(λ) = L(−1,−λ2) = det(I − λ2A) has two distinct symmetric pairs of real zeros
determined byc2

+λ
2 = 1 = c2

−λ
2. Consequently, the nondispersion results (17)–(22) apply

together with their implications.

4.4. Micropolar elasticity

This is linked to microstructured elasticity [4], which is relevant to the technology of modern
materials, e.g. for the construction and aerospace industries. The micropolar elastodynamic
formulation [14] of displacementu and microrotationψ produced by a concentrated body
forcef0δ(x) cosωt can be recast as

u = f0K1+∇∇ · f0K2 ψ = ω2
0∇ × f0K3

where

Ls(∂2/∂t2,∇2)Ks =Ms(∂
2/∂t2,∇2)δ(x) cosωt s = 1, 2, 3

M1 = ∂2/∂t2− c2
4∇2+ 2ω2

0 M2 = (c2
1 − c2

2)M1+ c2
3ω

2
0 M3 = 1

L1 = L3 =M1[∂2/∂t2− (c2
2 + c2

3)∇2] + c2
3ω

2
0∇2 L2 = L1[∂2/∂t2− (c2

1 + c2
3)∇2]

which are covered by (1)–(3) with̀ = 2(s = 1, 3), 3(s = 2), and m = 1(s = 1),
1 or 0 (s = 2, c1 6= c2 or c1 = c2), 0(s = 3); c1, . . . , c4 are micropolar elastic
wave speeds whileω2

0 = c2
3ζ
−1, ζ denoting micro-inertia. Assuming|ω| > |ω0|√2,

Ls(−ω2,−α2) has, fors = 1, 3, two distinct symmetric pairs of real zeros determined by
α2 = α2

± = 1
2a
−1(b±√1)(> 0) with a = c2

4(c
2
2+ c2

3), b = ω2(c2
2+ c2

3+ c2
4)−ω2

0(2c
2
2+ c2

3),
1 = [ω2(c2

4−c2
2−c2

3)+ω2
0(2c

2
2+c2

3)]
2+4ω2ω2

0c
2
3c

2
4 and, fors = 2, three distinct symmetric

pairs of real zeros determined byα2 = α2
±, ω2(c2

1 + c2
3)
−1. Whereupon, near the point of

force application,

Ks(x, tn) = O(x−1)(s = 1) O(x) or O(x3)(s = 2, c1 6= c2 or c1 = c2)

O(x)(s = 3).
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